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The stufe, s = s(K), of a field K is the least number such that --I is the sum 
of s squares of elements of K; then every element of K is the sum of s + 1 squares. 
Using the Hasse-Minkowski theorem on quadratic forms, and a simple algebraic 
identity, one can easily show that the stufe of an algebraic number field, if it 
exists, is 1, 2, or 4. Here, a simple criterion is presented for determining s(K) 
for any algebraic number field K and is applied to the quadratic and cyclotomic 
cases. Clearly, s(K) exists only when K is totally complex, and equals 1 if and 
only if (- 1)112 E K. 
THEOREM 1. Let K be a totally complex algebraic number jield with 
(- 1)‘J2$ K. Then s(K) = 2 if and only if all primes dividing 2 to an odd 
power in K have even residue class degree. 
Proof. By the Hasse-Minkowski theorem, s(K) = 2 if and only if for 
each non-Archimedean prime p of K, the quadratic form x2 + y2 + z2 has 
a nontrivial zero in the completion Kp . The proof of Theorem 1 depends 
on four lemmas. 
LEMMA 1. Zf the residue class field of p has characteristic >2, then 
x2 + y2 + z2 has a non trivial zero in K,, . 
Proof. Chevalley’s theorem guarantees the existence of a nontrivial 
zero in the residue class field, and by a standard technique, Hensel’s 
lemma can be used to determine a solution in K+, . 
Henceforth it is assumed that p 1 2. A, denotes the ring of integers of 
Kp , rr a uniformizing element, and k the residue class field. 
LEMMA 2. Zf p divides 2 to an even power, then x2 + y2 + 1 = 0 is 
soluble in Kp . 
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Proof. Let 2 = rrzr~ where E is a unit of A, and r E Z. Set y = 1 + ~T~CX. 
Then 
1 + y2 = 2 + 277”~~ + n2ra2 = TT~“(E + a2) (mod yrpr+l) (1) 
and since k has characteristic 2, (Y can be chosen to satisfy 01~ EE E (n). Thus 
the congruence 1 + y2 z 0(.rr2V+1) is soluble in A,. Suppose now that 
x2 + y2 + 1 = 0 (++a) (2) 
is soluble for some a >, 1. Let x = 01, y = p be a solution, and let 
012 + /32 + 1 = Tr2r+at (3) 
Setting x = cy + nay, y = /I + nay gives 
x2 + y2 + 1 = 7r2r+at + 2?Fy(or + /3) + 27r92 _= e+yt + YE(” + /!?)) 
@P+=+y (4) 
and since it follows from (3) that cy. + p + O(n), y can be chosen so that 
t + y~(a + /3) = 0(-r) and so 
x2 + y2 + 1 = o(+r+“+l). (5) 
It now follows inductively that (2) is soluble for arbitrarily large a, and 
therefore x2 + y2 + 1 = 0 is soluble in I& . 
LEMMA 3. If p is a prime dividing 2, and if k has even degree over the 
prime$eld, then x2 + y2 + 1 = 0 is soluble in Kp . 
Proof. k* has 22r - 1 elements for some r E Z, and so contains an 
element of order 3. Thus the congruence x2 + x + 1 = O(T) is soluble 
in A, . Assume that 
x2 + x + 1 = O(7r’“) (6) 
is soluble for some a >, 1. Then if x = ~11 is a solution, and 
01~ + cy + 1 = +t, then setting x = a2 gives 
x2 + x + 1 = (CL” + CII + 1)” - 2a(c? + a! + 1) = O(%-“fl). (7) 
Thus (6) is soluble for arbitrarily large a, so it follows that x2 + x + 1 = 0 
is soluble in K. , and if x = /3 is a solution, then x = /3, y = ,L3 + 1 is a 
solution of x2 + y2 + 1 = 0. 
LEMMA 4. If p divides 2 to an odd power, and has odd residue class 
degree, then the equation x2 + y2 + 1 = 0 is insoluble in KI, . 
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Proof. Assume that the equation is soluble, and let 2 = STAR+%. Then 
SY, p E A, such that 
(112 + p + 1 = 0(7?‘+2) (8) 
and therefore (a + /I + 1)2 3 0( 7~~~+l). It follows that a: + p + 1 E O(++l) 
and setting @ = 01 + 1 + ~?+ry in (8) shows that 
2(or2 + a + 1) = 012 + (fX + 1)2 + 1 = 0 (TP+2), (9) 
and so a2 + cx + 1 = O(n). But this implies the existence of an element 
of order 3 in k* which is impossible since 3 r 2” - 1 when u is odd. 
Fitting these lemmas together completes the proof of Theorem 1. 
As applications of Theorem 1, we deal with the cyclotomic and quadratic 
cases. 
THEOREM 2. Let m be an odd number greater than 1, w a primitive mth 
root of unity, and let K = Q(w). Then s(K) = 2 if and only ly 2 has even 
order module m. 
Proof. Let e be the order of 2 module m, and let ef = b(m). Then by 
a well-known theorem of classical algebraic number theory, (2) factors 
in Z[W] as 
(2) = PlP2 “‘Pf 
where each pi has residue class degree e, and Theorem 2 follows on applying 
Theorem 1. 
In particular, if m = q, a prime, then s(K) = 2 if and only if 2 is not 
a 2’-th power residue, where 2’ is the highest power of 2 dividing q - 1. 
This immediately implies two earlier results [l, 21, that s(K) = 2 if q = 3 
or 5(8) and s(K) = 4 if q = 7(8). 
THEOREM 3. Let d be a square free positive integer # 1, and 
K = Q((-d)lj2). Then s(K) = 2 ifand onZy ifd + 7(8). 
This is an immediate consequence of Theorem 1, since the factorization 
of (2) in Q((-d)li2) is known; it can also be proved by an elementary 
argument. 
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